We revisit the SL(5) U-duality manifest action constructed by Berman and Perry in an extended spacetime. Upon choosing a four-dimensional solution to the section condition constraint, the theory reduces to a four-dimensional truncation of elevendimensional supergravity. In this paper, we show that the theory contains more than this M-theory reduction. The section condition also admits an SL(5) inequivalent threedimensional solution, upon which the action directly reduces to a three-dimensional truncation of type IIB supergravity. We also discuss the reduction to IIB * supergravity.
Introduction
The presence of string theory dualities leads to the idea of M-theory as a unification of all superstring theories [1, 2] . These dualities map between different theories, and allow one to identify individual string theories as limits of M-theory.
For instance, type IIA string theory can be viewed as M-theory compactified on a circle.
In order to further make an identification with type IIB we have to compactify a second direction and use T-duality. In this paper, working within the context of the low energy effective theories, we will show how a recently developed formulation that makes dualities manifest allows one to directly identify M-theory/IIA and IIB within a single framework.
In doing so we draw inspiration from several different approaches to understanding string theories and their low energy actions through dualities. The common theme of these approaches -reminiscent of the introduction of M-theory as a higher-dimensional theory allowing one to understand features of the original superstring -is to view dualities as manifest symmetries of some larger, often geometric, structure, which reduces to or contains the initial theory of interest.
F-theory [3] provides a realisation of IIB as a reduction from a higher-dimensional theory. The extra dimensions geometrise the SL(2) S-duality of IIB supergravity so that one has a twelve-dimensional theory. There were hints that this geometrisation could be extended to the U-dualities of type IIB [4] .
More recently, the introduction of generalised geometry by Hitchin and Gualtieri [5, 6] has provided a framework in which one makes dualities manifest by extending the tangent bundle T M . For T-dualities [7] [8] [9] one studies the extended tangent bundle T M ⊕ T * M , allowing one to combine diffeomorphisms and B-field gauge transformations. The extra factor T * M is needed to take into account the effects of string windings. A natural object appearing on the extended tangent bundle is the generalised metric, originally introduced in [10] , which combines the metric and B-field into a T-duality covariant object.
By further adding appropriate bundles for D-brane wrappings one arrives at generalised geometries that describe U-duality in type II theories [11] [12] [13] [14] . In this approach the IIA and IIB theories have to be treated differently, i.e. they require different choices of generalised geometries. Their extended tangent bundles are T M ⊕T * M ⊕Λ even/odd T * M ⊕· · · , with the even/odd exterior products of the cotangent bundle corresponding to IIA/IIB. One can also extend this treatment to M-theory [14] [15] [16] [17] , where one now has wrappings of the M2 and M5 branes. The corresponding extended tangent bundle is
One can see that in this approach type IIA arises from the usual reduction of M-theory, whereas a different extended tangent bundle is used for IIB.
In order to make the dualities manifest in the action, one can introduce extra coordinates, as pioneered by Duff, Tseytlin and Siegel in the early 90s [10, [18] [19] [20] [21] [22] . The recent revival of these ideas has led to a T-duality manifest rewriting of ten-dimensional supergravity known as double field theory [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . An analogous programme exists for M-theory and eleven-dimensional supergravity [40] [41] [42] [43] [44] [45] [46] [47] [48] , and makes the U-dualities manifest symmetries of the theory. In the extended theories, the fields do not however depend on all of the coordinates. All physical fields and gauge parameters have to satisfy the "section condition" which reduces their dependence and allows one to return to the familiar unextended theory. In fact, imposing the section condition can be shown to be equivalent to "gauging" the extended coordinate space [49, 50] .
One might argue that due to the section condition, these extended theories are locally equivalent to the description of generalised geometry [7, 15, 16] where no extra coordinates are introduced. In this paper we will show that the U-duality extended theory encompasses more than just the generalised geometry for M-theory from which it was constructed. It contains a new solution to the section condition which gives rise directly to the IIB theory.
We will show how this works explicitly for the SL(5) duality group. We note that a similar solution to the section condition exists for the case of E 6 [51] .
The reduction to IIB is achieved when the generalised metric is taken to be the fundamental object rather than the supergravity fields themselves. These only arise upon choosing a specific parameterisation. If one had viewed the supergravity fields as fundamental, one could not have obtained a reduction to IIB. This approach allows both type II theories to appear within the same duality manifest theory. 2 We note that IIB appears here in a similar spirit to how it arises in F-theory. While in F-theory one introduces an extra two-dimensional space to geometrise the IIB S-duality, 2 For T-duality, the IIA and IIB theories can be treated equally in the generalised geometry approach [11] [12] [13] [14] and in double field theory [22, 36, 38] . Furthermore, they can be unified using N = 2, D = 10 supersymmetric double field theory [34] where there is no distinction between IIA and IIB thanks to the doubling of the local Lorentz groups, Spin(1, 9) → Spin(1, 9)L × Spin(1, 9)R. This supersymmetric theory is unique while its solutions can be classified into IIA and IIB, which are therefore unified.
we are dealing with a larger U-duality group and so will use a larger extended space. As in F-theory there will be no dependence on the extra coordinates, but they are still crucial for realising the duality manifestly. Our extra coordinates will be in one-to-one correspondence with the wrapping modes of the branes of the IIB theory.
That it should be possible to treat M-theory and IIB in this similar way has been previously suggested by the E 11 framework of West et al. [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] in which it is argued that both eleven-dimensional supergravity and the ten-dimensional IIA and IIB supergravities can be understood as non-linear realisations of E 11 . In particular by identifying the generators of the algebra corresponding to IIA and IIB fields, a relation between the two supergravities appears directly at the ten-dimensional level [57, 59] . The approach we will take in this paper allows us to realise this idea concretely at the level of the action.
For the sake of simplicity, we will work solely with the SL(5) duality manifest theory [40] [41] [42] [44] [45] [46] , originally developed for a four-dimensional truncation of eleven-dimensional supergravity. 3 We will show how in this theory a three-dimensional truncation of type IIB supergravity arises naturally, alongside a four-dimensional truncation of eleven-dimensional supergravity (which can be further reduced to a truncation of type IIA supergravity).
We begin by briefly reviewing the key ingredients of the duality manifest field theory of SL(5) in section 2. In section 3 we then show that the section condition has a new type of solution which cannot be transformed by means of an SL(5) duality into the M-theory solution previously studied in the literature. Our new solution thus defines a distinct corner of the duality manifest theory which, as we will show, corresponds to the type IIB theory. In section 4 we discuss what happens when one includes timelike directions. We find not only the usual IIB theory but also the IIB * theory [65, 66] . We give some concluding comments in section 5.
3 Historically, SL (5) is viewed as the duality group that controls the scalar sector arising from a sevendimensional truncation of eleven-dimensional supergravity. One assumes there is no dependence on the four dimensions in which the SL(5) can be seen to act. The convention in the duality manifest theories is different: here the truncation is taken so that no fields depend on the seven directions and because of the introduction of extended coordinates, the SL(5) symmetry becomes manifest.
The duality manifest SL(5) theory
The SL(5) theory we use was originally formulated in [40] by embedding a four-dimensional truncation of eleven-dimensional supergravity into an extended space. We will however present a "top-down" approach in order to emphasise that we view the generalised metric as fundamental and not the supergravity fields which only arise through a specific parameterisation. This is crucial in order to obtain the IIB theory in section 3. Note that for now we take our spaces to be Euclidean for convenience, and will deal with timelike directions in section 4.
The action, its symmetries and the section condition
To construct an SL(5) duality manifest action, one uses a ten-dimensional coordinate space such that the coordinates, x ab = −x ba , lie in the antisymmetric representation of SL(5).
Here a, b = 1, . . . , 5 are fundamental SL(5) indices. A 10 × 10 generalised metric [15, 18, 40] acts on this coordinate space and parameterises the coset R + × SL(5)/SO(5) in which the bosonic supergravity fields we are interested in are known to live. By restricting to SL (5) dualities we have implicitly performed a truncation from some larger duality group, and this truncation gives rise to an extra scalar [14, 17, 46, 47] corresponding to the R + factor. 4 We discuss this in appendix A.
As a consequence of the coset condition the generalised metric of the SL(5) theory can be decomposed in terms of a "little metric" m ab [41] . This is a symmetric 5 × 5 matrix which is a rank two tensor under SL(5) U-dualities.
We can use this little metric to write the duality manifest action controlling the dynamics of this theory [40, 46] 
(2.1) 4 We view this R + factor as arising from a truncation of a larger duality group -alternatively, it can be thought of as a scaling symmetry as in [14] .
Here Σ is some lower-dimensional section of the full ten-dimensional theory, and m ≡ det m ab is used to define the SL(5) singlet integral measure, |m| −1 [46] .
The infinitesimal symmetries of this action are generalised diffeomorphisms, given by the generalised Lie derivative [41, 67] 
Unlike in conventional Riemannian geometry, the algebra of this generalised Lie derivative does not automatically close. To obtain closure and a consistent theory, one must impose a constraint known as the section condition [41] 
for any fields Φ(x), Φ ′ (x) in the theory.
The action of (2.1) is the most general two-derivative action involving m ab that is invariant under these local symmetries up to the section condition. It is related to the action in [40] by an integration by parts. It can also be given a "U-geometric" interpretation [46] as a scalar curvature of generalised covariant derivatives, (B.4) (see also [47, 48] for other U-duality groups).
M-theory section
The solution of the section condition (2.3) which gives rise to a four-dimensional truncation of eleven-dimensional supergravity is [40] 
where α, β = 1, . . . , 4. To see this, we use a convenient parameterisation of m ab encoding the metric, three-form and an extra scalar as [41, 46] 
Here we have dualised the three-form field by
where ǫ αβγδ is the four-dimensional Levi-Civita tensor, ǫ 1234 = |g| −1/2 . The scalar degree of freedom, φ, is needed for the truncation from eleven dimensions to be duality covariant.
Without this scalar the action of SL (5) on m ab does not close [46] . One can understand φ as coming from the truncation of the other seven directions by constructing the generalised metric as a non-linear realisation of E 11 [42] as we will discuss in appendix A. Let us stress that m ab is the fundamental object, not the supergravity fields, g αβ , C αβγ , φ, themselves.
They appear here upon choosing a parameterisation for the M-theory section. As we show in section 3, the reduction to IIB uses a different parameterisation.
Using the solution of the section condition (2.4) and the parameterisation (2.5) the action reduces to [41, 46] 
where F αβγδ is the field strength of the three-form potential,
This action is a truncation of the eleven-dimensional supergravity action with the scalar field related to the warping of the other seven dimensions. One could introduce a further isometry and perform a Kaluza-Klein reduction of the theory to a three-dimensional truncation of IIA supergravity.
3 Type IIB Supergravity from the Duality Manifest Action
In this section, we will exhibit a new solution to the section condition allowing one to reduce to IIB supergravity. Thus, the duality manifest theory with its extended coordinate space allows one to treat M-theory/IIA and IIB in a unified manner.
IIB section
This is a novel three-dimensional section which up to SL(5) transformations can be written as (5) tensor, the inequivalence of the two sections follows.
Reduction to IIB supergravity
We now show that the new section (3.1) should indeed be labelled as a "IIB section". Here µ, ν = 1, 2, 3 are three-dimensional spacetime indices and i, j = 4, 5 are SL(2) S-duality indices. Our fields depend only on the coordinates x µν . To interpret these more naturally as spacetime coordinates we dualisẽ
where η 123 = η 123 = 1 is the three-dimensional Levi-Civita tensor density.
We now parameterise the little metric m ab to reflect the split defined by this section:
This parameterisation is by no means unique, but it provides a convenient way to make a connection with type IIB supergravity.
All the fields appearing in (3.3) can be understood as "dual fields" in the sense of [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] .
To be consistent with the lower index of the dual coordinates,x µ , the spacetime metric is g µν with upper indices. The determinant is defined to beg = detg µν . The Kalb-Ramond and Ramond-Ramond 2-forms combine into an SL(2) doubletC iµν , which appears in the little metric in dualised form:
whereǫ µνρ is the three-dimensional Levi-Civita tensor withǫ 123 = |g| −1/2 .
In addition, we have a symmetric 2 × 2 unit determinant matrixM ij which we use to raise and lower SL(2) indices. This matrix can be built out of the Ramond-Ramond scalar C (0) and the string dilatonφ. A conventional parameterisation is e.g.
[79]
Finally, as in the M-theory reduction (2.5), we have an extra scalarφ, resulting from the truncation of the other seven dimensions, as discussed in appendix A. Once again, this extra scalar is necessary for the action of SL(5) to close [46] .
The generalised Lie derivative (2.2) of the little metric now gives us the expected gauge symmetries of the IIB fields. We have
where the parameter of generalised diffeomorphisms can be decomposed into IIB language as
For the IIB parameterisation we may dualise ξ µν toξ µ and take this to parameterise three-dimensional diffeomorphisms. We also interpret ξ iµ ≡ λ iµ as corresponding to gauge transformations of the two-forms, while the final component ξ ij actually drops out of the 
where
is the Lie derivative for dual diffeomorphisms [72, [75] [76] [77] .
Having understood the field content and symmetries corresponding to this parameter- We can also write the action in Einstein frame by rescalingg µν E = e −4φgµν to obtain the action and kinetic terms coming with the wrong sign, which were first introduced in [65, 66] , and have been studied in the context of E 11 and its decompositions in [83] [84] [85] [86] .
Firstly, for the M-theory section, the possible parameterisations we should now use are [46] 
where the choice of sign in ±e φ depends on the signature of the metric g αβ . There are two possibilities:
Lorentzian M-theory: the signature of g αβ is (−, +, +, +) and we have to use −e φ as the scalar term in (4.1). The action in Einstein frame is
where the Einstein frame metric is related to the one appearing in the little metric (4.1)
by (g E ) αβ = e −2φ g αβ , and we are ignoring total derivatives. This is of course the known truncation of the standard eleven-dimensional supergravity [40, 46] . M * -theory: the signature of g αβ is (−, −, +, +) and we have +e φ . The action in Einstein frame is
The M * -theory has previously been studied in terms of timelike dualities in M-theory [66] .
For the three-dimensional IIB section we may again use the parameterisation (3.3), except now there are three possible ways of distributing the signature choices between the spacetime metricg µν and the SL(2) scalar matrixM ij . These are:
Lorentzian IIB theory: here the signature ofg µν is (+, −, −) whileM ij has signature (+, +). We obtain the action of the IIB theory in Einstein frame:
Note that −R is the expected Ricci scalar term for the mostly negative metric (see appendix B for our conventions), and so all the terms in this action come with the expected right signs to give us a truncation of IIB supergravity theory.
IIB * theory: the signature ofg µν is (−, +, +) whileM ij has signature (−, +) (and so parameterises the coset SL(2)/SO(1, 1) rather than SL(2)/SO (2)). The Einstein frame action is
We note that one of the scalars ofM ij and one of the two-formsC iµν have kinetic terms with the wrong signs. This corresponds to the type IIB * theory [65, 66] which has previously been argued to arise by acting with a timelike duality on IIA.
Euclidean IIB theory: the signature ofg µν is (+, +, +) whileM ij has signature (−, −). The action in Einstein frame becomes
Note that this Euclidean IIB theory is different from (3.12) becauseM ij has the opposite signature to the one considered there.
This exhausts all the different possibilities.
The M * -theory and IIB * theory were originally considered in [65, 66] . There it was argued that one obtains IIB * by starting with IIA and applying a T-duality in the timelike direction. Similarly, there is a IIA * related by a timelike T-duality to the usual IIB theory.
In both these theories one finds RR fields whose kinetic terms come with a wrong sign.
One can further view M * -theory as being an eleven-dimensional theory with two timelike directions -compactifying on one of these timelike directions produces the IIA * theory.
In the duality covariant picture, we see these theories arising on the same footing, corresponding to different possible choices for the parameterisation of the generalised metric.
However, they cannot be related to each other by dualities [69] .
Discussion
In this paper we showed that the SL(5) duality manifest theory contains both M-theory and IIB as different solutions of its section condition. These solutions cannot be related by SL(5) transformations, and therefore represent inequivalent sectors of the theory. In order to find both M-theory and IIB one has to view the generalised metric as fundamental and not the supergravity fields themselves. As a result the duality manifest theory treats the type II theories on the same footing.
By considering the different possible choices of spacetime signature allowed by the coset structure SL(5)/SO(3, 2) we were able to find reductions to variants of eleven-dimensional supergravity and IIB supergravity. These variants include the normal theories as well as the M * -theory, which has two timelike directions, and the IIB * theory, for which the kinetic terms of some fields have the wrong sign. These theories are disconnected subsectors of the full extended theory, and one cannot transform between them by dualities.
In this paper, we considered only the duality group SL(5) and so obtained three-and four-dimensional truncations of the ten-and eleven-dimensional supergravities. The work presented here should be extended to the other duality groups SO(5, 5), E 6 and E 7 for which all the ingredients needed for a similar analysis are known [42, 67] . Indeed, the existence of an inequivalent IIB section for E 6 has already been mentioned in [51] . Eventually, one may wish to address this question using the full mechanics of E 11 where independent evidence [52] [53] [54] [55] [56] [57] [59] [60] [61] [62] [63] [64] has shown that the full ten-dimensional IIA and IIB supergravities should be contained on an equal footing, just as in N = 2 D = 10 supersymmetric double field theory [34] for T-duality.
As the section constraint is equivalent to gauging the extended coordinate space [49, 50] , the choice of a section corresponds to a gauge fixing. In the usual Yang-Mills theories, different gauge fixings are BRST equivalent. It would be interesting to further investigate the BRST-cohomological aspect of the two SL(5) inequivalent sections that we considered here.
A Non-linear Realisations and the Generalised Metric
By appropriately decomposing the eleven-dimensional U-duality group E 11 [42] , one can construct generalised metrics for different duality groups. In the case we are concerned with in this paper, we decompose E 11 to SL(5) × GL (7). This can be done in two ways: one corresponding to M-theory and the other to type IIB. In both cases the generalised metric parameterises the coset space (SL(5) × GL (7))/(SO(5) × SO (7)) (modulo assignment of the timelike direction in spacetime) and can then be constructed as a non-linear realisation of the duality group. One finds [42, 68] 
Here four-dimensional truncation of spacetime which we are going to restrict to. Finally (g 7 ) AB is the metric for the other seven directions. 6 We are assuming a block diagonal decomposition of the full spacetime metric, and also that all components of form fields are zero when any index corresponds to one of these seven directions.
The full generalised metric H M N is a weighted SL(5) tensor, and can be used to directly construct a Lagrangian density. However, we want to truncate to the ten-dimensional extended space. This truncation involves using only the upper left block of the generalised metric H M N . We shall from now on refer to this block as the generalised metric, and denote
Neither this generalised metric nor the generalised metricM ab,cd is an element of SL (5), as can be seen by considering their determinants. One can define an SL(5) generalised metriĉ M ab,cd with detM = 1 byM ab,cd = |g| 1/5M ab,cd . However, it is not possible to construct the dynamics of the theory usingM ab,cd , as discussed in [42] .
We are therefore forced to use generalised metrics which are not truly elements of SL(5).
However these generalised metrics will transform correctly under duality transformations by virtue of the factor of the determinant of the metric in the truncated directions appearing outside. It is this |g 7 | −1/2 factor which corresponds to including an extra scalar in [46] and also in our treatment.
The precise way in which one includes this scalar is a matter of taste. One could take a double field theory-esque approach, and define a new scalar density e −2d bȳ
where one finds that e 2d = |g 7 | −1/2 |g| −7/10 . Alternatively, the |g 7 | factors can be absorbed into field redefinitions.
Explicitly, suppose one decomposes the generalised metricM ab,cd in terms of a little metricm ab , so that similarlyM ab,cd can be written in terms of a little metricm ab given bȳ
We know that the determinant ofm ab is |g| −1/2 . We define a new generalised metric in which the factor of |g 7 | −1/4 has been absorbed bȳ
One sees that m ab is unweighted with respect to the generalised Lie derivative and is given by m ab = |g 7 | −1/14m ab .
For both the M-theory and IIB parameterisations it is then a simple matter to determine the precise rescalings of the spacetime fields that make upm: for instance, for the M-theory case this involves equating Here g is the spacetime metric that is used for the M-theory truncation throughout the paper. Furthermore, we find here that e φ = |g 7 | −3/14 while for the IIB generalised metric (3.3) we have eφ = |g 7 | −2/7 . The little metric in the form corresponding to m ab with the scalar e φ present was first used in [46] , and it is this which we use throughout the present work.
B Conventions and useful formulae 
